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Molecular channels embedded in biological membranes are extremeIy we11 balanced systems. because the diekctric barrier 
imposed on an ion’s self-energy. which would make the membrane practically impenetmble, is IocaIIy cancelled by the 
interaction of the ion with the channel up to a few kT at room temperature. This purpose can serve only highly specialized 
systems with a certain Iigand configuration and appropriate properties. In this article two different models are tested vrith 
respect to their polarizxtion properties and discussed in detail. one for ionic polarization and the other for dipolar polarization. 
The channel-mediated attractive forces between two ions are also investigated in both eases. 

1. Introduction 

The interaction of ions with their environment 
in biological systems is strongly determined by 
mutual Coulomb forces due to the presence of 
other charges and by the polarization of neutral 
particles. The potential energy of a single ion can 
be expressed in terms of its self-energy in the 
presence of a given charge distribution and of the 
polarizability of the environment which may vary 
rather drastically. A typical system usually consists 
of different regions of aqueous solutions specified 
by different concentrations of different ion species 
and of other particles, separated by membranes 
which are rather imnermeable for charged par- 
ticles_ On the other hand, a selective and more or 
less steady transport of particles across the mem- 
branes takes place, maintaining the necessary com- 
munication between different regions throughout 
the system. The transport of ions across the mem- 
branes may be mediated by ‘carrier’ molecules and 
‘pores’, which offer an energetically favourable 
passage for the respective ions. Whereas the self- 
energy of an ion would increase significantly upon 
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entering a lipid bilayer membrane coming from 
the aqueous phase and thus prevent the crossing of 
the membrane, a molecular channel, e.g., grarnici- 
din A, is expected to modify the ion’s self-energy 
only slightly. This behaviow requires certain 
polarization properties which are the subject of 
investigation in this article. 

In principIe one must distinguish contributions 
to the self-energy of a single ion from the charge 
distribution of the system, and from electronic, 
ionic, and dipolar polarizations. Whereas the 
Coulomb forces are additive, the forces exerted on 

the ion due to the polarization of elements of the 
inhomogeneous environment by the ion are not. 
Using a macroscopic description with the aid of 
the spatially varying dielectric constant c(i), the 
self-energy can be expressed by means of the 
corresponding Green’s function G(7. 7’) for the 
system, which is a solution of the differcn?ial 
equation: 

~~(~)VG(~,T’)+~(F)V~G(F,F’) 

= -47X7(7-7) (1) 



G( i. r“) may also be understood as the solution of 
an equivalent integro-differential equation 

G( i. i’) = 
1 

c( r’)p-- 71 

i- -&/-&c(F”)-&,G(F”. i’) 

X +_;+ i.‘,d3r” 

which clearly demonstrates the non-linearity of the 
problem. From eq. 2 iterative solutions G,(i. ?) 
can be obtained starting with G,, = I/(c(i=‘)lY- 
/‘I)_ This procedure can be useful for systems with 
rather smoothly varying E. For systems with dis- 
continuous changes in Q there are some elegant 
methods presented in the modern literature [1,2] 
yielding the exact Green’s functions. 

For a given charge distribution p(Y) the electro- 
static potential r+(r) is 

+( ;) = jd”i’G(i. i”)p( 7). 

Hence. the desired self-energy is 

E, = $/d’i/d?‘n(.=)G(i. i’)p( .G’)_ (31 

For example. considering an ion as a spherical 
cavity with radius R. cariying charge ~7 in an 
infinitely extended dielectric medium, the self-en- 
t’rov is: CA 

EEA- . 2CR 

Neglecting the boundary efiects between :wo dif- 
ferent media. the change in self-energy required by 
the transport of the ion from medium 1 into 
medium 2 is given by [3.4]: 

where l , = SO for water, c, = 2 for the lipid. R = 1 
A. and AE* > 100 X-T at room temperature. The 
magnitude of this barrier reflects the insulator-like 
character of a lipid membrane_ As presented here. 
_IE. is the difference between the self-energies of 
the ion in the respective media in an infinite 
distance from the interface. i.e.. image forces have 
been neglected. 

There have been several attempts on the basis 
of a macroscopic description to incorporate the 
presence of a membrane pore. Parsegian [S] and 
Jordan [6] have shown that the barrier height is 
significantly reduced if a pore is defined as a 
cylindrical region with a larger c: than that of the 
surrounding membrane. Jordan also gives an 
estimation for the effect of finite membrane thick- 
ness and ion radius/pore radius ratio. He shows 
that dielectric pores may reduce the barrier heigh: 
to about 11 kT, where A ES is rather insensitive to 
a variation of the ion radius. The limitations of the 
application of continuum electrostatics become 
very obvious here. Once a pore is defined by some 
local dielectric properties of the membrane, the 
only remaining parameter to distinguish different 
monovalent ion species is their radius. Thus, one 
cannot expect any selectivity effects from such an 
approach_ This deficiency finds its cause in the 
suppression of intrinsic degrees of freedom, which 
a channel possesses due to its molecular structure 
- if a macroscopic picture is used. The continuum 
approach is only justified if the distance between 
the ion and :he constituent parts of the medium is 
large compared to the average separation among 
the constituents. 

Another detailed investigation on the basis of 
the continuum approach has been carried out by 
Levitt [7]. His results are in general agreement 
with the findings of other authors, however. due to 
the lack of intrinsic degrees of freedom in his 
channel model he cannot find an attractive inter- 
action of two ions in a channel, as discussed 
section 3. 

However. with respect to the ion in a molecular 
channel the situation is clearly reversed. Here the 
continuum approach must be replaced by a micro- 
scopic description in which polarization appears 
due to separated distinct charges individually ‘seen’ 
by the ion. Consequently, electronic polarization is 
ruled out. Its contributions from the channel are in 
prinriple not different from those of the rest of the 
background. the electronic polarization of the lipid 
membrane. Therefore. one has to take into account 
ionic and dipolar polarization effects. An ap- 
propriate model of the system can be obtained if, 
for example, a distribution of elastically bound 
charges representing the non-electronic polarizabfe 



part of the channel is embedded in the membrane, 
which in turn is described by the macroscopic 
quantity 6. 

A proper description must also include the con- 
cept of image forces. So far only the interaction of 
a single ion with its dielectric environment has 
found attention in the relevant literature. How- 
ever, if the channel is represented by an assemb!y 
of charges within the membrane then there are 
image charges of both the channel and the ion 
which interact mutually and contribute to the 
self-energy of the ion. Moreover, one wants to 
avoid divergence of the self-energy at the mem- 
brane/water interfaces, which requires the proper 
treatment of an ionic sphere penetrating the inter- 
face. A solution of this mathematically non-trivial 
problem has not yet been given. NevertheIess, if 
the intrinsic properties of a molecular channel are 
known, it is a standard procedure to evaluate the 
Green’s function of the dielectric system and to 
incorporate the channel by virtue of its charge 
distribution. The choice of an appropriate channel 
model depends on its effectiveness in lowering the 
dielectric energy barrier and the ability to act 
selectively upon different ion species. 

Another important criterion is the behaviour 
with respect to the presence of two ions in the 
channe1. Strong experimental evidence [8,9] indi- 
cates the appearance of non-linear effects as to be 
expected from the simultaneous polarization of the 
channel by two ions. Also of considerable interest 
are effects of divalent ions, e.g., Ca’+ . as described 
by Urry [lo]. In sections 2 and 3 these properties 
are discussed for two different channel models, 
based on ionic and dipolar polarization, respec- 
tively. The general problem which includes the 
effect of the channel on the ion in the dielectric 
medium will be the subject of a future communica- 
ticn. 

2. Channel model with ionic polarization 

Ionic polarization of a molecule is caused by 
elastic deformation of the ionic skeleton due to an 
external field. In the absence of any perturbation 
the constituent atoms or charges remain in equi- 
librium positions ir, which define the geometrical 

_ tructure of the molecule. Under the influence of a 
perturbation all mass points suffer a displacement 
denoted here by UP_ Since the molecule is to be 
considered stable in its unperturbed form an elas- 
tic restoring force prevents the molecule from de- 
struction. Let W({c)) be the self-energy of the 
molecule, where the FL terms are not necessarily 
the equilibrium positions, then this expression may 
be expanded for deviations U,, around FP_ In the 
harmonic approximation we have: 

In the next step of approximation we consider 
only nearest-neighbour interactions. Then the rele- 
vant quantity is the relative displacement i?, - ri,+ 1 
and the elastic molecular energy can be written as: 

<P) 

Now let the molecule be subject to an external 
field with F, at each position G_ In general the 
molecule will not be at rest as a whole. By con 
trast, there will be an accelerat13n of the centre of 
mass accompanied by a deformation of the mole- 
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Fig. 1. The channel model for ionic polarisation. Each pair of 
neighbowing mass points is coupled harmonically. 



cule. It is therefore recommended that one should 
consider the Lagrangian of the system, although 
we are not interested in the time-dependent prob- 
lem_ In order to obtain a separation between dis- 
pIacement of the centre of mass and true deforma- 
tion of the molecule, we introduce the quantity 
ii, + ri, as the total individual distortion, where ii, 
refers to the centre of mass. Then the ii& terms 
obey the constraint 

N 
c ??r,li, = 0. (8) 

p=t 

A proper variation of the rip forms r_quires the 
introduction of Lagrange multipliers r. Then the 
Lagrangian can be written as 

(9) 
r-1 

+ lYp +Zgandir,=fi,-Zii,+,. 
is the interaction potentia1 between 

the ion of mass m0 and a molecular charge of mass 
)>rp at the actual position ir,‘. 

In the present picture the molecular configura- 
tion is an arrangement of mass points representing 
a system of coupled harmonic oscillators. Bearing 
in mind. for example. the structure of gramicidin 
A [I I], it IS reasonable to assume the propagation 
of a perturbation mainly along a helical strand. 
This conception suggests a molecular mode1 con- 
sisting of a chain of oscillators in the form of a 
helix (fig. 1) which represents a so-called bead- 
and-spring model. The molecule is assumed to be 
nrutral, carrying neutral mass points, as well as 
positively and negatively charged ones, where a11 
masses mp may be different. For such a configura- 
tion we want to calculate the deformation. i.e.. the 
set of equilibrium displacements for a11 mass points 
in an arbitrary, external static field, from which 
the polarization energy can be obtained. For the 
present model a rigorous solution can be obtained. 

The variational derivatives with respect to F, ii, 

and G,, are: 

(104 

(lob) 

+m,i‘- ?P+,ri,_, + T,q=o- 

For simplicity we write ?P.,+r = ?&_ 
The harmonic approximation we are dealing 

with here allows us to use the original positions of 
the mass points in the argument of the force, i.e., 
we can write: 

VV(C-+ vV(T,-_.;)= -FP (II) 

Summation over a11 subscripts in eq. 1Oc yields the 
multiplier P: 

&,r-~~=o 
p-1 8-r 

Hence 

(12) 

With the use of the result for r and the ap- 
proximation in eq. 11 one obtains the expression 
for the total potential energy of the system: 

N-1 

c f c ii,i;,fi, (13) 
p=l 

Minimization of V with respect to a11 ii,, yields the 
set of equilibrium displacements ZP. The vector ii, 
may be decomposed and written as 

where 6s is the deviation from equilibrium. The 
expansion of V (eq. 13) around the equilibrium 



value of ii,, yields: 

N-l N--l 

++ c ii&i,+~ c si-ipFpsfip (14) 
P-t p==l 

The vanishing coefficient of S.GP just defines ri,: 

(15) 

Eq. 15 is a difference equation in F,(i, which is 
readily solved. Note, however. that ii, is the rela- 
tive displacement 2i, - si,+ ,! The solution for 6, is: 

(16) 

The appearance of both Lip and SP iu eq. 14 is an 
unpleasant situation. With a little manipulation it 
is possible to express Y by the relative displace- 
ments only_ Multiplication of eq. 15 with ZP from 
the left and summation over all subscripts p yields 
the following identity: 

(17) 

Then the desired expression for the interaction 
potential is: 

the summation in the second term may be ex- 
tended over N and we finally arrive at: 

The quantity of interest for further investigations 
is the effective potential V&r, the so-called poten- 
tial of the mean force. Whereas this quantity is in 
general temperature dependent, it is not in the 
present case, because of the harmonic approxima- 
tion of the intramolecular interaction 

The configurational integral 

Q(F) = /e-PVdI- 

defines the restricted free energy 

F(7) = --kTIn jemP”dr, 

where the integration has to be taken over all 
coordinates except for those of the ion. Then the 
effective potential is defined as: 

V&(7) =.9(i) -9(co) (20) 

where S(m) is the free energy in the absence of 
the ion. Hence: 

Q(i) = e- ~=,,,7)je-I’~Sir,;bG,dr 

v-e,,(P)-p~I v(T,-F)-$ 2 Gp(F)~;‘Gp(F) (21) 
P-r 

The first term on the right-hand side of eq. 21 is 
the interaction energy of the ion with the molecu- 
lar charges at the original positions, the second 
term being the polarization energy due to the 
deformation of the molecular channel in the pres- 
ence of the ion. The whole expression must now be 
used to calculate &(i) for a given molecular 
configuration. In its present form the restoring 
elastic forces can be anisotropic and inhomoge- 
neous, i.e., yP actually varies with p. For simplic- 
ity, it is assumed that in the present model the 
tensorial coupling constant is isotropic and a con- 
stant: 

YP:,‘l.K 

In this case the sum over G,(r)” has to be 
evaluated. This task becomes easier if we revert to 
the fields F,_ 

Using 



we have: 

.v 
c G;,(r)‘= % 5 e RR. 

,.= 1 p-1 u----1 g-1 

Introducing the step function 

(22) 

wc can write: 

The summation over p can be carried out sep- 
arately: 

s 
c e(p-P)B(jL-V’)= 

IL= 1 

-[[B(~--f)-e(~--l~‘)]l} = 
4 ( h’ - ( Y - I ) + IV - ( Y’ - 1) - Iv - rq} (24) 

With the use of eqs. 23 and 24 in eq.21 the 
effective potential becomes: 

In the presence of external fields one wishes to 
formulate the free energy with the aid of a re- 
sponse function. the generaiized susceptibility ~,.._ 
connecting the forces F, and each individual dis- 
placement ui: 

iv 
<iP = C j&l;-..- (26) 

P-t 

This can be achieved by a simple rearrangement of 
the double sum in eq. 24: 

In the present case the susceptibility is found to 
be: 

The forces exerted on the molecular charges are 
caused by the electrostatic field of the ion: 

F';=q,E, (29) 

Thus, E,,,. = q,&,q, defines the molecular ionic 
polarizability and we finally have: 

V,,,(;,=CV(Z--)--tCCE,~~,~” (30) 
P !J ” 

where q is the ionic charge. 
A closed expression for the double sum in eq. 

30 cannot be given, especially not for a finite 
system. All summations have to be carried out 
numerically, which has been done for a particular 
model. For simplicity. all masses nr,, have been 
chosen to be identical. The helical backbone of the 
model consists of No = 18 equidistantly spaced 
mass points per turn, where the heiix has a con- 
stant pitch of P = 12 A and the lattice constant 

=0 = P/IV,,. The number of charges per turn is 12, 
six of which are positive and six negative. The 
arrangement corresponds to that shown in fig.1. 
For the present purpose it is also sufficient to 
calcuiate V,rr along the z-direction, which is identi- 
cal with the helical axis. With the summation 
running over all lattice points one must bear in 
mind that not all of them carry charges. Therefore 
we. introduce 

4,‘ = 4$ - 

wrhere S,, equals either + 1, - 1 or 0. Then the first 
term on the right-hand side of eq. 30 can be 



written as 

where I= z/zO, A = p/zoY and p is_ the radius of 
the helix. Accordingly, the forces F, are given by 
the following expression: 

q0 is defined by 27r/N,. 
In the present notation I&({) 

pressed as 

with V, = q’/r, and c = VO/~z~_ 

I (32) 

may be ex- 

(33) 

The auxiliary quantity $” can be obtained by 
suktitution of 2, (eq. 32). into eq. 25. The di- 
mensionless parameter l describes the elasticity of 
the molecular channel. which becomes completely 
rigid for c = 0. For our example we have chosen 
z = 1 and p = 3 A_ This value corresponds to the 
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Fig. 2. The potential energy for a single ion along the z-axis 

(mokcular axis) (- - -) Profiie of the unpolarized channel. 

(. . -) Polarization energy alone. ( -) Total potential. 

reasonable assumption that the elastic energy KZ~ 

is of the order of the Coulomb energy q’/z,,_ The 
result of the mode1 calculation is shown in fig. 2. 
The potential energy profile of the channel with a 
length of 60 A is symmetric, so that only one half 
of it has been plotted. The solid line shows V,,({), 
i.e., the total interaction energy. The dashed line is 
the interaction energy of the ion with the rigid 
channel, hence it corresponds to the first term on 
the right-hand side of eq. 33, whereas the dotted 
line is the polarization energy alone, which lowers 
the energy in comparison to a non-polarizable 
channel. The polarization term shows a much less 
pronounced structure than does the potential of 
the rigid channel. The period of the former has 
doubled, because the polarization energy is pro- 
portional to the square of the molecular charges. 
i.e.. it is independent of the sign of the charges. 
Moreover, it also depends on the square of the 
ionic charge. Consequently. the polarization en- 
ergy is lowered linearly by a factor of 4, if the ion 
is divalent. Another interesting effect appears if 
two ions are present in the channel. In this case 
the external field is a superposition of the two 
fields carried by the two ions. 

From the structure of the polarization energy it is 
clear that it cannot be a superposition of two 
single polarization energies. From eq. 30 we find: 

Xr,~*L=~{ ~~(l)~~i,,E”(1)+~~:,(2)~~“~“,(2) 
P.Y 

+2~JI)~$W~“:,(2)} (34) 

Thus, the interaction between the two ions in the 
channel is given by the Coulomb term and an 
induced interaction 

Since the polarization term is negative, the interac- 
tion is attractive. In the absence of the Coulomb 
repulsion the ions would unite, producing a diva- 
lent ion. Hence, the binding energy between two 
ions would be exactly twice the polarization en- 
ergy of a single ion, which amounts to about 



- 3kTat T = 300 K (fig. 2). However, the Coulomb 
energy for two ions separated by the length of the 
channel (60 A) is about +9kT_ In other words, an 
effective binding of two ions in this channel can- 
not be expected, at least not for a reasonable 
polarizability. 

The potential energy profile of the channel for a 
single ion as shown in fig. 2 seems to provide a 
suitable object for the application of a rate theo- 
retical formalism in order to study its transport 
properties_ This has been done, especially under 
the aspect of its elasticity, and the corresponding 
transport rates have actually been found to be in 
basic agreement with experimental findings for 
gramicidin A [12]. However, the present model 
represents a channel without its dielectric environ- 
ment. The polarization energy obtained here is 
locally significant, but can almost be neglected in 
comparison to the energy barrier represented by 
the increase of the ion’s self-energy in the mem- 
brane (eq. 5). Obviously the polarization effects 
caused by mutually coupled displacements of 
molecular charges, i.e., by slight changes of orien- 
tation and magnitude of permanent dipoles, are 
alone insufficient to describe the actual properties 
of functioning membrane pores. 

3. Channel model with dipolar polarization 

In contrast to ionic polarization which is de- 
scribed by translational displacements of molecu- 
lar charges. dipolar polarization is caused by re- 
orientation of permanent rigid dipoles in an exter- 
nal field. The presence of permanent dipoles in a 
substance usually gives rise to a relatively high 
dielectric constant as in the case of water. for 
instance. A similar effect can be expected from a 
molecular channel where the interior is lined with 
elastically bound dipoles. The basic structure of a 
corresponding model is therefore given by an 
arrangement of dipoles along a rigid helix. The 
dipoles are viewed as hindered rotators which may 
be tilted in the presence of an ion. Such flexible 
ligands in the form of peptide carbonyl groups are 
present in the interior of gramicidin A, pointing 
with their negatively charged oxygen ends towards 
the helical axis of the molecule [ll]_ In the present 

model the dipoles can perform a hindered rotation 
in a plane spanned by the radius and the axis of 
the helix. The helix is assumed to be periodic with 
constant pitch P, carrying six dipoles per turn. In 
the absence of any external field the dipoles are 
found to be in an equilibrium orientation with 
respect to the molecular axis. The corresponding 
angle 15~ is assumed to alternate with respect to the 
x-y plane in the following way (fig. 3): 

Then the self-energy of the empty channel is given 

the absence of an ion in the plane with the z-axis. 

Fig. 3. The channel model for dip&r polarization. Each dipole 
(arrow) an rotate statistically independent from all others in 



by 

v,= -fcp 2 {cos(lYP-OP)-l}. 
p-1 

where K is the coupiing constant for the restoring 
force and p = q’d the dipole moment with effective 
charge q’_ The actual orientation of each dipole is 
determined by 9, which equals 0, in equilibrium. 
The equilibrium self-energy nkp has been sub- 
tracted so that the harmonic approximation yields: 

However, in the present case all calculations will 
be carried out with the full anharmonic expression 
(eq. 36 for the hindered rotation_ This procedure 
guarantees a bounded displacement 

and a correct treatment of the actually tempera- 
ture-dependent effective potential. 

For the purpose of the present investigation it is 
sufficient to calculate the interaction potential 
along the molecAar z-axis. Then all repulsive forces 
can be omitted, and the main contribution to the 
interaction arises from Coulomb forces. For an 
arrangement of dipoles in the field of an ion one 
has: 

where i is the position of the ion. With 

eq. 38 can be written as: 

n (z-zz,~)costVP+psin79~ 
v,=-4pc - (39) 

P-t ~p~+(z-z0~)23 

Since all dipoles are positioned on a cylinder with 
radius p, we can use p = lpPl for all p terms. In eq. 
39 i?, is positive for dipoles pointing towards the 
molecular axis. If one adopts the view that the 0, 
terms are a given set for the empty channel, then K 

has to be considered as an effective coupling con- 
stant, i.e., the dipoles are in equilibrium under the 
influence of all acting forces including their mut- 
ual Coulomb forces. Thus, the dipole-dipole inter- 
action does not appear explicitly and the total 
potential is: 

n (z-~~p)costY~+psini?~ 
v=--qpc 

P---l PZ+(z-z,p)23 

- KP 2 [cos( s, - 0,) - I] (-Fo) 
p-1 

This model is identical with that used previously 
by the author [13] for rate-theoretical investiga- 
tions_ It differs, however, in two points from the 
model used by Fischer et al_ [14] for molecular 
dynamics calculations. The latter has used the 
harmonic approximation (eq. 37) and taken into 
account dipole-dipole interaction, which is needed 
for a rapid thermalization process. 

Collecting terms in eq. 40 with cos 9, and sin S,, 
one obtains 

v= - v, 2 {A,(0 cos7YP+B,(~)sin7YP-e} 
p-1 

(41) 

with V, =pq/zi and E = iczi/q_ The coefficients 
A, and B,, are 

B,( {) = l sin 0, + 

&&* 

where we have used 3 = z/z,, and A = p/z,. 
Here the calculation of the equilibrium energy 

for a given position of the ion is much easier than 
in the previous case of ionic polarization, because 
the chiral skeleton is rigid and the oscillators are 
independent (Einstein oscillators). 

The actual orientation is readily decomposed 
into an equilibrium angle a,, and a deviation from 
that: 



The fiP terms satisfy the equilibrium condition 

whence: 

cos 9, = 

Using eqs. 43 and 44. eq. 41 takes the following 
simple form: 

V= -V,c {JA;+B; cos ap- l . 

CL-1 
> 

Since the coefficients A, and B,, depend on the 
position 5 of the ion. the equilibrium angle also 
does. Thus. the dipolar orientation follows the 
respective position of the ion. If no other perturba- 
tions are present, all aP terms vanish and the 
effective potential is: 

v,,(5)= -v”c{JA:+Bjk} 
CL 

Being part of a multi-particle system. the channel 
can assumed to be subject to a temperature bath. 
With that the dipoles are exposed to temperature- 
induced fluctuations, i.e.. at a given instant the a,, 
terms have finite and distinctive values and the 
actual orientations appear ‘smeared out’. For 
calculation of the temperature-dependent quanti- 
ties it is appropriate to introduce the configura- 
tional integral with x,, = cos aP: 

According to the procedure in section 2 (see eq. 20 
the temperature-dependent effective potential is 
defined by 

Q(S) v,,,(l) = -kTln - 
Q(m) - 

where Q(m)= (e- “‘;,‘[sinh(PZ/;,E)/P~“~]}“. 

(48) 

The temperature dependence is a direct conse- 
quence of the anharmonic binding forces (eq. 36) 
of the ligands. It is possible to discuss some gen- 
eral trends of V,,, with respect to the temperature 
without going into numerical detail. First it can be 
checked easily that the expression for the zero- 
temperature potential (eq. 46) indeed follows from 
the general expression (eq. 48) in the limit T+ 0. 
A direct measure of the temperature influence is 
the value of the effective dipole moment (p,). 

which is obtained from the mean of cos a*, 

(~,a> = q’d<cos a,> 

where 

(cos a,) = coth x,, - 1. 
Xl‘ 

with x, = &,/A; + B,’ _ 

For finite temperatures (cos a,,) is less than 
unity and vanishes, as does I&. in the limit T + co. 
For sufficiently low temperatures we have 

(cos “J = 1, 

so that eq. 46 can be used. This implies that 
entropy effects are small. In a previous publication 
dealing with transport mechanism of this channel 
model [13], the temperature dependence has been 
tested over a wide range. and it has been found 
that entropy effects in general are small for realis- 
tic temperatures (T = 300 K). 

Due to the anharmonic character of the restor- 
ing forces the interaction energy in both eqs. 46 
and 48 does not appear as a sum of two terms as 
in eq. 21, where the second one is the polarization 
energy. In order to obtain the polarization energy 
alone, one would have to subtract the result for the 
‘rigid’ Coulomb contribution 

” (I-~)cos0,+dsinf?, 
V=-V”C 

p-1 JW3 

from eqs. 46 and 48, respectively. However. this 
procedure is neither necessary nor desirable, since 
the only relevant quantity is the total energy. 

The data for the channel model used here are 
again: p = 3 A. P = 12 A and n = 30. The dipole 
moment p = q’d is given by d = 1,24 A and q’ = 



0,40, which are the same values as in refs. 13 and 
14. The two remaining parameters to be adjusted 
are the dimensionless coupling constant l and the 
equilibrium angle rYO, to both of which the poten- 
tial is very sensitive. VCrr({) has been calculated 
and plotted for Q = 5 and l = 0.5 for three different 
values of 8, in each case, namely, for -20, 0 and 
+200, respectively. E = 5 corresponds to almost 
rigidly fixed dipoles. For I?,, c 0 the dipoles are 
pointing outward, thus the channel interior is 
charged positively and the channel itself represents 
a barrier (fig. 4a). For 19, = 0” the dipoles are 
oriented parallel to the molecular axis in equi- 
librium (fig_ 4b). The potential profile here is very 
similar to that found for the preceding model. For 
IY0=200 the dipoles are oriented towards the 
molecular axis and the channel interior is charged 
negatively. This circumstance leads to a binding 
energy of about 30kT at T = 300 K for a single ion 
(fig. 4c). 
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For a weaker coupling of the dipoles (c = OS) 
the situation is very different_ This is already seen 
in the case of i+,, = -20° (fig. Sa). In comparison 
to l = 5 the barrier is much lower, due to the fact 
that the dipoles are pulled inward by the ion. This 
effect already leads for 8, = 0 o to a significant 
binding energy of about 20kT (fig 5b). Finally, 
at, = 20° and E = 0.5 lead to about 50kT for the 
binding energy (fig_ 5~). 

All these values have been calculated from eq. 
46. They are clearly of the order of what is needed 
to compensate for the dielectric barrier_ It is clear 
that molecular channels with dipoles pointing off 
the axis are not appropriate to lower the barrier 
significantly. Obviously nature has produced and 
selected the proper molecules. Moreover. the abil- 
ity to bind an ion depends on the Cexibiiity of the 
ligands, i.e., it increases with decreasing E. Thus, 
E = 0 gives an upper bound for the binding energy. 
From-eq. 46 one-obtains with l = 0: - 

-2.5 

-40 

Fig. 4. The potential er,crgy for a single ion in a channel with practically rigidly bound dipoles (c = 5). The different curves show the 

strong dependency of the energy on the equilibrium tilt angle 8,. (Note the change in scale.) 
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Fig. 5. The po~mtial energy for a single ion in a channel with dipoles of higher mobility ( c = 0.5) and different equilibrium tilt angles 

S,,. (Note the change in scale.) 

v,,,(5)= -5 2 1 

p-I d’+:5-p)2 

In this case the dipoles are practically freely rotat- 
ing. For the present data eq. 50 yields a binding 
energy of about 6X-T. So far. we have considered 
monovalent ions only. denoted by charge 4. The 
next question is how I& behaves with respect to 
an arbitrarily variable parameter 4. To answer this 
question we must recall the dependence of the 
quantities A,, B,, and l on q_ They are given 
explicitly as: 

4 

It can be seen immediately that an increasing 
charge q has the effect of decreasing E, i.e., a 
higher mobility of the ligands. For sufficiently 
charged ions the dipoles appear practically as freely 
rotating! Altogether the binding energy increases 
more than linearly with increasing ionic charge. 

According to eq. 5C the upper limit for the 
binding energy of a divalent ion, e.g., Ca'+ , re- 
aches about 130kT. A closer inspection of the 
potential energy profile with respect to z shows 
that especially for decreasing, small e the activa- 
tion energies corresponding to the barriers within 
the channel decrease (see also ref. 13). This finding 
leads to the important conclusion that, once a 
divalent ion has entered the channel, transporta- 
tion can take place more rapidly than for a mono- 
valent ion. This feature of the present channel 
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model is illustrated in fig. 6. Here the activation 
energy corresponding to the central well has been 
plotted as a function of the ionic charge q for a 
reasonable value of c (c = 0.5). The activation en- 
ergy happens to assume a maximum value for a 
monovalent ion, whereas a minimum value is as- 
sumed for a divalent ion. With a constant prefac- 
tor the jump rate for the latter ion is about 3-times 
larger than the former. The high value of the 
binding energy for a divalent ion must also be seen 
under the aspect of the simultaneous binding of 
two monovalent ions, since in the absence of 
Coulomb repulsion two charges would just unite. 
On the other hand, the Coulomb energy for two 
free ions separated by a distance corresponding to 
the length of the channel is only 9X-T, so that the 
binding of at least two ions per channel for this 
model can be expected_ The potential of the mean 
force for two ions can be derived using the super- 
position principle which holds for Coulomb forces, 
but not for the former. According to eq. 40 the 
total interaction energy for two ions at positions 2, 
and z2 is, with the set of the 8, given: 

v,2= -qp 2 (z,-~~y)cosS~+psini?~ 

p=l i J P2+(z* -z&)23 

+ 
( z2 - z,~)cos 8, + p sin 8, 

PZ+(r,--prJ3 1 

-KP i: [co@..-0,)~-11 +A (51) 
p-1 

‘Ooo Activation energy [kl 

Fig. 6. Aaivalion energy for the cenlral well as a function of 

ionic charge. 

The minimization procedure applied with respect 
to the set of S, yields the new coefficients A, and 
BP: 

The coefficients obtained from eq. 52 may now be 
inserted into eq. 45 or 48, respectively. The result 
is the potential V"'({,. c2) of the induced mean 
force between two ions, which is attractive_ The 
total effective potential is then given by: 

This expression depends on the distance between 
the two ions (monovalent), as well as on each of 
the positions_ The interesting quantity in the pre- 
sent case, however, is the two-ion potential com- 
pared with the single-ion potential, i.e. 

v,,,G,Y s;) - KrrU,). (54) 

where V,,,(p,) corresponds to eq. 53 with the sec- 
ond ion at an infinite distance from both the 
channel and the first ion. Thus, the difference (eq. 
54) tells us what energy is-possibly gained, if an 
ion is brought from infinity into the channel to 
position 5; -yifh another ion present at ll_ If the 
difference (eq. 54) is negative, the second ion is 

likely to be bound. It is clear that only the abso- 
lute minimum with respect to both {, and S; yields 
the desired answer_ In general eq. 54 need not be 
negative for any two positions within the channel, 
even though binding of the second ion is possible. 
In a symmetric channel the equilibrium positions 
for the two ions are also symmetric_ With an 
appropriate choice of the coordinate system it is 



therefore only necessary to vary one position, 
namely, I= {, = -12. Let {e be the value which 
minimizes I&(S: -1). if there is a minimum. 
Then the normalized effective interaction potential 
is defined by: 

J<rr(5) = K:.,,(<, -<“) - Kr,(-G3) (55) 

This function has been calculated and plotted for 
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different values of E and 8,. It should be 
emphasized that a rigid channel of course can 
represent a confinement, even for two ions, due to 
its finite length. In this case the only true interac- 
tion between the ions is Coulomb repulsion. In the 
present model we are dealing with an additional 
non-linear interaction due to the polarizability of 
the channel. In competition with the Coulomb 
repulsion this attractive interaction leads to a finite 
equilibrium separation between two ions in an 
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Fig. 8. As for fig. 7. but with i?,, = 0 O. 



infinitely long channel. In real systems as well as 
in our model, boundary effects interfere with the 
long-range induced interaction It is the sum of all 
effects which we discuss here. In fig. 7 the results 
for a channel with dipolar alignment parallel to 
the molecular axis (99 = 0 o ) are shown The value 

Fig. 9. As for fig. 7, but with 1.3, = 20 O. 
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e = 5 corresponds to almost rigidly bound dipoles. 
All potential curves show a barrier of about the 
same magnitude prior to the channel entrance. 
This barrier is caused by the Coulomb repulsion 
alone. For values of c larger than about 0.3 the 
barrier is followed by a relative minimum just 
inside the channel_ Here no energy is gained, if the 
second ion is transported from infinity into the 
channel_ For values of Q smaller than about 0.3 the 
minimum of d?‘(S) becomes negative in compari- 
son with the outside, i.e., the minimum is absolute, 

and two-ion occupation is preferred over single-ion 
occupation. For channels with the dipoles tilted 
towards the molecular axis, the situation changes 
drastically in favour of the double-occupation state. 
In fig. 8 the corresponding results for a0 = 10 o are 
shown Whereas the barrier remains practically 
unchanged, the binding state is preferred for all 
values of e with increasingly high binding energies_ 
This trend is still enhanced for the channel with 
9, = 20” (fig. 9) where the binding energies are 
remarkably high. As explained before, all minima 
corresi;ond to symmetric equilibrium positions for 
two monovalent ions in symmetric channels. In all 
cases a tendency of decreasing equilibrium ion 
separation for decreasing dipolar binding forces 
can be observed_ This fact reflects the contribution 
of molecular conformational changes to the bind- 
ing force. In all cases shown here the binding 
energies finally have to compete with the dielectric 
barrier imposed by the membrane. The important 
result is that for appropriate dipolar tilt angles a0 
and sufficiently high mobility of the dipoles a 
doubly occupied channel can be the preferred 
configuration despite Coulomb repulsion and a 
high dielectric barrier. 

1. Conclusion 

Two simple channel models based on ionic and 
dipolar polarization have been constructed and 
discussed. Both models consist, in principle, of a 
charge distribution along a helical backbone, 
accounting for the structure of polypeptides, which 
may serve as ionic conductors in membranes. Ionic 
polarizability is simulated by a quasi-linear system 



of coupled harmonic oscillators, which may suffer 
distortions in any direction_ Dipolar polarization 
is achieved by a system of hindered dipolar rota- 
tors. bound by anharmonic restoring forces and 
representing a helical arrangement of Einstein 
oscillators. The dipoles have only one rotational 
degree of freedom. In both cases the energy for 
ions in the channel is lowered by a distortion of 
the environment, as it should be. Whereas in real 
systems one can assume to find distortions of a 
molecular ionic skeleton, which are due to both 
ionic and dipolar polarization. it turns out that 
significant contributions IO the polarization energy 
result from a tilt of permanent dipoles under the 
influence of ions. All other contributions. although 
present. are miner and can be neglected. The 
criterion for the effectiveness of a channel is clearly 
determined by the magnitude of the polarization 
energy in comparison to the dielrctric potential 
barrier. The results of the present calculations 
demonstrate that the dipolar model must be 
favoured in order to explain observed transport 
phenomena. This also seems to be confirmed un- 
der the aspect of rate-theoretical considerations 
1131. It is found that such a channel represents a 
well with a re!atively large binding energy for an 
ion. This binding energy consists of two contribu- 
tions which are of quantitatively and qualitatively 
different origin. The true polarization energy re- 
sults from the mobility of the dipoles and is absent 
in a rigid channel. It can therefore vary between 
zero and an upper limit which is obtained when 
the dipoles can rotate freely. The second part of 
the binding energy is of geometrical origin. It is 
always present if the undistorted or rigidly fixed 
dipoles are tilted with their negative ends towards 
the molecular axis. Both contributions can be con- 
trolled independently. namely. by the equilibrium 
tilt angle and the dipolar coupling constant. The 
polarization affects not only the magnitude of the 
binding energy but also changes the potential en- 
ergy profile locally. Potential barriers inside the 
channel, which result from the periodic structure 
of thr helix. are generally lowered. if the mobility 
of the ligands is increased. On the other hand. a 
larger ionic charge has the same effect on the 
effective potential as that of a lower dipolar cou- 

pling constant. Therefore, divalent ions. such as 
Ca”. can possibly be transported even more 
rapidly than monovalent ones. 

The general tendency of a charged particle in a 
polarizable environment is always to lower the free 
energy of the system, i.e., the charge is attracted to 
regions of high polarizability. This stabilizing ef- 
fect seems to be a counter-effect on so-called 
gliding edge dislocations as proposed by Chandler 
et al. [15]. After all. the polarization mechanism 
has to be incorporated in such models for active 
ion transport. 

Another important finding is the existence of a 
polarization-induced attractive interaction be- 
tween two ions in a channel, which may well 
exceed the Coulomb repulsion within the channel 
length. This effect cannot be neglected and practi- 
cally forbids the application of the superposition 
principle for more than one ion in a channei. 

Recent investigations of the gramicidin A chan- 
nel by Eisenman and Co-workers [8.9] have clearly 
demonstrated the need for such an interaction in 
the presence of several ions and ion species. 

Since in the present model the motion of the 
ion is restricted to the channel axis, the only ionic 
parameter is the charge. In order to distinguish 
between different ion species, at least one parame- 
ter has to be introduced accounting for a motion 
off the axis. In such a model one could calculate 
the induced attraction between two Na’ or K’ or 
even between Na’ and K+. for example. The 
results obtained so far look very promising and 
will be the subject of a subsequent communi- 
cation. 
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